In this study, an algebraic current-voltage (I-V ) equation suitable for the hand-calculation of ballistic nano conductors is derived from Landauer's formulation. A voltage and temperature dependent resistance expression is also obtained. It is shown that the presented algebraic I-V expression and the original Landauer's formula give the same characteristics as expected. Moreover, the I-V characteristics of ballistic nano conductors are investigated and it is concluded that there is an inescapable nonlinearity originating from the curvature of Fermi-Dirac distribution function in low voltage range. Finally, the total harmonic distortion (THD) of a sample ballistic nano conductor caused from its low voltage nonlinearity is computed via HSPICE simulations.
Introduction
Nano conductors such as metallic carbon nanotubes (CNT) and graphene nano ribbon (GNR) transmission lines are taking great attention due to the limitations of the conventional copper and aluminium interconnect technology [1, 2] . Several models for new generation nano conductors exist in the literature [3, 4, 5] since these models are obviously needed for their design and analysis. In all of these models, current-voltage (I-V ) variations of nano conductors are clearly the main characteristics that have to be modelled accurately [6, 7] .
I-V characteristics of nano conductors are obtained using Landauer's formulation [6, 8, 9] which is proven to be accurate in the literature since it is compatible with the experimental data for nano conductors such as metallic CNTs [10] , graphene sheets [11] and gold nanowires [12] . Although Landauer's formula accurately describes the I-V characteristics of nano conductors, it is an equation containing integral calculations. An algebraic expression that does not employ any integration suitable for faster hand-calculation of the I-V characteristics does not exist in the literature.
In this study, an algebraic equation without integration is derived for ballistic nano conductors to calculate their I-V characteristics. The I-V characteristics obtained using the proposed algebraic I-V expression is compared to the results of the original Landauer's formula to verify its accuracy. A voltage and temperature dependent resistance expression is also derived. Then, I-V characteristics of nano conductors at low voltages are discussed. It is concluded that ballistic nano conductors show nonlinearity at low voltages and this nonlinearity is caused from the curvature of the Fermi-Dirac distribution function hence it is inescapable. Fi-nally, the total harmonic distortion (THD) introduced by a sample ballistic nano conductor originating from its low voltage nonlinearity is obtained by HSPICE simulations.
Presented I-V expression for ballistic nano conductors
The current passing through the nano conductor as shown in Fig. 1 is calculated by Landauer's formula shown in Eq. (1) [6, 8, 9] . In Eq. (1), µ 1 and µ 2 are the electrochemical potentials with µ 2 =µ 1 −qV ; γ 1 and γ 2 are the broadenings of contact 1 and contact 2 , respectively; q is the elementary charge; h is Planck's constant; DOS(E) is the density of states (DOS) function of the nano conductor; Tr(E) is the energy dependent transmission of electrons [8, 9] ; f 1 (E) and f 2 (E) are Fermi-Dirac electron distribution functions of contact 1 and contact 2 which can be given as in Eq. (2) and Eq. (3), respectively [9] .
where µ is the equilibrium electrochemical potential of the nano conductor; k B is Boltzmann's constant and T is the absolute temperature. Various nano conductors have constant valued DOS functions in the energy range of interest [7, 13, 14, 15] hence by taking the DOS function of Eq. (1) as constant and evaluating the integral, an I-V expression without integral calculation for nano conductors is derived as shown in Eq. (4). In this equation, DOS represents the density of states value and the term shown as T r is the transmission of electrons. Note that T r =1 for ballistic nano conductors.
The importance of the presented I-V expression shown in Eq. (4) is that it is an algebraic equation without any integration which enables easy calculation of I-V characteristics of ballistic nano conductors. The derived formula is especially useful for fast hand-calculation.
In addition, I-V characteristics of a ballistic nano conductor (Tr=1) is obtained using both Landauer's formula and the presented simplified expression to verify its accuracy. The calculations are performed for three different temperatures: 200 K, 300 K and 400 K. Obtained I-V characteristics are shown in Fig. 2 . As it can be seen from Fig. 2 , the original Landauer's formula and the presented I-V expression without integration give the same characteristics validating the presented I-V formula. Note that the accuracy of the I-V characteristics obtained using Landauer's formula is experimentally verified for numerous nano conductors in the literature [10, 11, 12] which implies that the results of the presented formula are also compatible with experimental measurements. This result is interesting and useful since ballistic nano conductors such as metallic nanowires and carbon nanotubes are promising candidates to be used as interconnects, where the design engineer needs to have accurate descriptions of their I-V characteristics. It is worth noting that the mean free path in metallic carbon nanotubes are measured as 1.5 µm [16] while the mean free path of electrons in GNRs and gold nanowires are given as 100 nm and 50 nm, respectively [17, 18] . Considering the expected interconnect lengths in the ITRS roadmap [19] , nano interconnects can be used in the ballistic regime.
In the literature, ballistic nano conductors are considered to have a constant resistance value in the ballistic transport regime and consequently analysed with linear I-V characteristics [6, 8, 10] . This approach is valid for low absolute temperature values where the Fermi-Dirac electron distribution functions of the contacts given in Eq. (2) and Eq. (3) are abrupt enough to be taken as step functions. However, for higher temperatures such as room temperature, the edges of the Fermi-Dirac functions of contacts become curved and this leads to the inescapable nonlinear I-V characteristics which is modelled in Eq. (4) and shown in Fig. 2 . This is another result of this study.
Voltage dependent resistance of ballistic nano conductors
A voltage and temperature dependent resistance expression for ballistic nano conductors does not exist in the literature and it is also obtained in this study. The resistance formula is derived using the straightforward derivation procedure from Eq. (4) and given in Eq. (5) .
The resistance expression shown in Eq. (5) is composed of a nominal resistance value, R n , multiplied by a voltage and temperature dependent term, f (V, T ). As the applied voltage V increases, f (V, T ) approaches unity and the nanodevice resistance takes its nominal value R n . R n also consists of the multiplication of two terms: the first term is the universal resistance quantum value, R Q , having value of 12.9 kΩ and the second term 1/T r , which is the inverse of the transmission coefficient of the electrons. For ballistic nano conductors T r =1 and in this case when f (V, T ) also approaches unity, nanodevice resistance R(V, T ) approaches R Q , which is its minimum value as verified by various experiments [20, 21, 22] . Although constant resistance values of ballistic nano conductors are extensively studied in the literature [23, 24] , a resistance expression dependent on both the applied voltage and the temperature is given for the first time in this paper as in Eq. (5) to the knowledge of the authors.
The dependency of the resistance on the applied voltage is plotted in Fig. 3 at different temperatures for a sample ballistic nano conductor using the proposed resistance equation. Note that R n = R Q for this example since T r is unity for ballistic nano conductors. As it can be seen from Fig. 3 , at low temperatures the resistance of the nano conductor takes its nominal value for even low voltages. It is because the Fermi-Dirac electron distribution functions of the contacts have sharp edges at low temperatures. However, as the temperature increases, since the edges of the Fermi-Dirac functions of the contacts become curved, the resistance value becomes highly dependent on the applied voltage for low voltages. Note that the nonlinearity of nano conductors at low voltages is caused from the f (V, T ) term in Eq. (5) hence the low voltage nonlinearity always exists independent of nano conductor type, geometry and ballistic or non-ballistic transport regimes. In other words, low voltage nonlinearity of nano conductors applies to all nano conductor types since the electron transport of all these devices are modelled with Fermi-Dirac distribution functions that produce the voltage and temperature dependent term f (V, T ). 
Effects of low voltage nonlinearity of ballistic nano conductors on the signal trasport
Considering that the threshold voltage of integrated circuit (IC) technology is expected to be as low as 0.08 V in a few years according to the ITRS roadmap [19] , the voltage dependency of the resistance shown in Fig. 3 is important since a considerable amount of nonlinear-ity is added at low voltage range. In order to visualize the effects of nonlinear resistance, the signal transport of a ballistic nano conductor shown in the inset of Fig. 4 is simulated in HSPICE using the R(V, T ) expression of Eq. (5) . R(V, T ) expression is imported as a Verilog-A model into HSPICE with T r =1. The input and output voltage signals are plotted in Fig. 4 . As it can be seen from Fig. 4 , ballistic nano conductor adds considerable distortion to the transported signals at low voltages. The total harmonic distortion (THD) introduced by the nonlinearity of a sample ballistic nano conductor (T r =1) is also obtained by HSPICE and given in Table 1 for various signal amplitudes. The nonlinearity and the distortion caused from the curvature of the Fermi-Dirac distribution functions for ballistic nano conductors decrease when the voltage amplitude increases as it should be according to Eq. (5) and Fig. 3 . Note that this behaviour is the opposite of the nonlinear behaviour caused from electron-phonon scatterings of non-ballistic nano conductors. In non-ballistic nano conductors, as the voltage increases, the electron-phonon scatterings increase causing an increment in the nonlinearity and distortion. However for ballistic conductors, the nonlinearity is not caused from electron-phonon scatterings but from the curvature of the Fermi-Dirac distribution function which is more effective at lower voltages. In other words, this type of nonlinearity of ballistic nano conductors is higher at lower voltages which are also verified by the values shown in Table 1 .
Conclusions
The results of this study are: i) an algebraic I-V expression without integration for nano conductors is proposed which is suitable for fast computer and hand calculation. The accuracy of the presented equation is verified by comparison to the original Landauer's equation. ii) a resistance expression for nano conductors that is both voltage and temperature dependent is given for the first time in the literature and iii) the low voltage nonlinearity of the I-V characteristics of ballistic nano conductors caused from the curvature of the Fermi-Dirac distribution function is discussed. It is concluded that there is an inescapable nonlinearity in the I-V characteristics of nano conductors independent of the type and geometry of the conductor and this low voltage nonlinearity originates from the nature of the nano device namely the curvature of Fermi-Dirac distribution functions at nonzero temperatures. Moreover, waveforms and THD of a sinusoidal signal passing through a ballistic nano conductor are obtained in HSPICE in order to demonstrate the effects of low voltage nonlinearity of ballistic nano devices. It is observed that THD decreases when the voltage amplitude increases in ballistic nano conductors as it is implied by the derived resistance expression.
